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T^J '. The quantum oscillator in the thermostat is considered as the mod- 

el of an open quantum system. Our analysis will be heavily founded on 
q ■ the use of the Schroedinger generalized uncertainties relations (SUR). 

Our first aim is to demonstrate that for the quantum oscillator the 
state of thermal equilibrium belongs to the correlated coherent states 
(CCS), which imply the saturation of SUR at any temperature. The 
obtained results open the perspective for the search of some statis- 
tical theory, which unifies the elements of quantum mechanics and 
GDT; this in turn will give the foundation for the modification of the 
^ ■ standard thermodynamics. 

o . 

In the last decades the interest to the thermodynamics of open quantum 
systems raised greatly. To the number of these objects one should, e.g., at- 
tribute nano-objects in the conditions of ultra-low temperatures, the objects, 
revealing macroscopic quantum phenomena and the effects of Casimir and 
Unruh as well as quark-gluon plasma, models of early Universe and so on. 
Firstly, in these systems the significant role play the fluctuations of con- 
jugated physical quantities and correlations between them. Further, there 
arises the necessity of simultaneous account for the quantum and thermal 
fluctuations, which are determined by the fundamental constants h and ks ■ 
However, no consistent theory for the description of such kind of objects 
exists at the moment. For many years on this role was quite reasonable 

*This text was reported on the Bogoljubov conference at 4 September 2004, JINR, 
Dubna 
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pretended by the statistical mechanics Gibbs - von Neumann and the ther- 
modynamics founded on it. But this approach appeared to be not always 
effective for the description of the open quantum systems. First of all, it 
was not possible within this approach to calculate accurately the Beken- 
stein - Hawking entropy for the black holes. Finally it has brought to the 
pessimistic conclusion: "The thermodynamics of the black holes gives some 
weighty arguments in favor of the far-reaching non-adequacy even of the gen- 
erally accepted understanding of the sense of matter's "ordinary entropy" [1]. 
On the authoritative conference "Quantum limits of the Second Law" [2] was 
quite seriously raised the problem about the necessity of correction of ther- 
modynamics laws - especially of the second and third ones - in the direction 
of significant account for the quantum effects. In particular, for the long time 
there are considerable doubts in the validity of the Third Law; the known 
form of this law follows from the statistical mechanics, according to which 
S — > as T — > for any objects. 

The above arguments compel to search for the solution of problems of this 
kind some replacement for the traditional statistical mechanics. For many 
years in the physicist's public opinion there was formed the firm conviction 
that this approach is almost unique way of statistical description of nature; 
however, this is far from being correct. Even Lorenz [3] in his lectures meant 
the statistical theories in plural number; the same was written by Born [4] 
in connection with Einstein's works. 

Fenyes [5] was the first who showed convincingly that there exist an- 
other statistical theories, which are principally different from the statistical 
mechanics. On the one hand, this is the traditional quantum mechanics and 
it's version in the form of the Nelson's stochastic mechanics [6], on the other 
hand - the generalized diffusion theory (GDT), founded on the Einstein - 
Fokker - Plank equation [7-9]; the last theory includes the theory of Brown- 
ian motion founded as long as Einstein [10]. At present time these theories 
are different from one another; moreover, every of these theories is, in turn, 
qualitatively different from the statistical mechanics. On the other hand, 
these theories are conceptually related to one another due to the significant 
role of fluctuations (and their correlations) between the conjugated physical 
quantities. 

In this report we consider the quantum oscillator in the thermostat as 
the model of an open quantum system. Our analysis will be heavily founded 
on the use of the Schroedinger generalized uncertainties relations (SUR) [11], 
which are valid in both theories meant above. Our first aim is to demonstrate 
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that for the quantum oscillator the state of thermal equilibrium belongs to 
the correlated coherent states (CCS), which imply the saturation of SUR at 
any temperature. The obtained results open the perspective for the search 
of some statistical theory, which unifies the elements of quantum mechanics 
and GDT; this in turn will give the foundation for the modification of the 
standard thermodynamics. 

In order to realize the fundamental cause of the qualitative difference 
between the statistical mechanics and GDT it is sufficient to consider the 
classical oscillator in the thermostat. In this case the Maxwell - Boltzmann 
distribution function in the phase space is of the form [12]: 

where 

Aq 2 = ^; Ap 2 =mk B T. (2) 

Due to the multiplicative form of the function /m-b (?>£>) the correlator 
of conjugated variables q and p 



a qp = (AqAp) = 0. (3) 

From the Eq. (3) it follows that the SUR [13] at T ^ is of the form of 
strong inequality 



k T 

ApAq = — >a qp = 0. (4) 

At the same time due to Smoluchowski [14] (see also [15]) in GTD the 
density of the distribution in coordinate, or configuration, space (in the ape- 
riodic regime at t ^> r ) equals 
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where 



Ag2 = ^/ (1 _ exp |_ 2 g 2 t/r}); Q = cu t; ^ Q *C 1/2; (6) 



D dlf = (7) 

As is well known, in the theory of Brownian motion the definition of the 
moment of the individual particle p = mq , accepted in statistical mechanics, 
is invalid. Thus following Furth [16] and Fenyes [5] as a moment conjugated 
to the random coordinate q is by definition accepted the moment of the 
particles' flow (at v macro = ) 



jdif in , „ dp . q 
p = mv dlf = m— = -(-D dif —) = mD dl f — . (8) 



To the state of the thermal equilibrium there corresponds the limit t — > oo 
at Q 7^ , when 



Aq 2 = (9) 
In the same state 



Aa 2 

Ap 2 = (m%) 2 ^ = m 2 u D dtf ; (10) 



a qp = AqAp = m J ' dq qj dif (q) = mD dif . (11) 
It follows from here that SUR in GTD are of the form of equality 



a a k B T ^ k B T . . 

ApAq = = a gp = mD dif = . (12) 
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This denotes that the state, described by the function p(q, t) of the form 
(5) at Q 7^ and t — > oo is the CCS state. Note that for the free Brownian 
particle when u = 0, one obtains the analogous result, but c^o should be 
replaced by 1/r [16]. 

It is not difficult to note that the expressions for Aq 2 and Ap 2 in the 
state of thermal equilibrium (and hence the left-hand sides of SUR in both 
statistical theories considered above) coincide. Accordingly coincide in form 
also the limiting function p(q) and it's Fourier-transform p(p) with the func- 
tions fB^q) and fhiip) • However the expressions for the correlators a qp and 
thus the right-hand sides of SUR in them are qualitatively different. 

From these arguments there follow some important conclusions: 
-statistical mechanics differs from GTD in the definition of the conjugated 
moment. In the former theory p and q are independent, whereas in the latter 

- dependent ones; 

- the cancellation of the quantity a qp in the statistical mechanics means that 
in this theory the diffusion is fully neglected (D^if = ); 

- in turn, this means that in the statistical mechanics there is not accounted 
for the diffusion flow jdif , caused by the non-uniform coordinate distribution 
which is brought about due to presence of the fluctuations (Aq 2 ^ ). 

In other words, the statistical mechanics doesn't give the consecutive 
description of the Nature, where three second-order moments Ap 2 , Aq 2 and 
<r qp would be considered at the same rights. 

In order to more convenient comparison with the classical variants of 
the theories let us use as the version of quantum mechanics the Nelson's 
stochastic mechanics; accordingly, in quantum statistics we will go out from 
the Wigner function [17]. According to Nelson, with the wave function in 
coordinate representation 0(g) = ^/ p(q) exp{iip(q)} one may associate two 
velocities defined by the gradients of the phase y?(g) and density p(q) in the 
following way: 



^ 9(p d(p I dp 

^qu 7{ ^J-^qu~^. i U qu 1J qu i \ ->) 

m aq aq p aq 

where D qu = is usually called quantum diffusion coefficient. From these 
two quantities just the v qu enters the continuity equation, so physically this 
quantity is related to the velocity v^if in GDT. Taken formally, the velocity 
Vdif is more similar to the quantity u qu , but actually the former is a truly 
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quantum quantity, connected with the non-commutativity of the operators 
p and q . 

Further analysis is founded on the fact that as a conjugated moment is 
introduced (by definition) [13] the complex quantity P , which combines the 
contributions of both velocities of the form (13) 

P = m(v qu + iu qu ) . (14) 

Then 

Ap 2 = \AP 2 \ = (mv qu ) 2 + (mu qu ) 2 ; (15) 



R, 



qp 



= °\p + 4 P = ^ { [^Vf + l<l U qu] 2 } ■ 



(16) 



Here a qp and c qp are the contributions of anticommutator and of com- 
mutator of the operators q and p accordingly (in the scopes of traditional 
quantum mechanics), whereas R qp is the generalized complex correlator en- 
tering the right-hand side of SUR [13]. 

For the quantum oscillator in CCS the wave function is of the form [13] 



if>(q) 



(2nAq 



2^1/4 



exp{- 



4Ag 2 



v 1 -««)}, 



(17) 



where a is the parameter fixing the particular CCS. In accordance with the 
Eqs. (14) and (13) it holds for this state 



mq . mq 
;{D qu a) + l^^;D n 



scillator the contril 
packet is absent; correspondingly, 



(18) 



For the oscillator the contribution into v qu from the motion of the wave 



R 



qp 



m 2 [(D qu a) 2 + D 



qui 



(19) 



Using further Eqs. (15) and (18), we obtain as a SUR the equality; indeed, 
as was awaited for CCS, the given form of SUR is saturated: 



Ap 2 Aq 2 



R 



qp 



m 2 D 2 u (a 2 + 1). 



(20) 
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Recall, that in the ground state (when CCS goes over into CS) the parameter 
a = , so that 

Aq 2 = ^; Ap 2 = mWV; 

&qp 0) |-^<?pl Cqp WlDq U — . (21) 

Thus, as concerns the form of SUR, the oscillator in quantum mechanics 
appears to be analogous on the classical oscillator in GDT when t >> r . All 
the difference consists in the fact that the right-hand side of SUR in the sec- 
ond case is ensured exclusively on account of a qp whereas in the second case 
this goal is achieved only by means of both contributions - a qp as well as c qp 
. In fact, this signifies that in quantum mechanics as well as in GDT the con- 
jugated quantities - coordinate and momentum - are mutually dependent. 
In this case the difference is only that this dependence in terms a qp appears 
always in explicit form. On the other hand, in the term c qp in the tradition- 
al formulation of quantum mechanics this mutual dependence is implicit: it 
becomes explicit only in the framework of the statistical mechanics. 

The analysis carried above has shown that the accepted definitions of the 
conjugated momenta lead to the following results: 



Classical GDT 
(T>0) 


Quantum Mech. in CS 
(T = 0) 


Quantum Mech. in CCS 
(T > 0) 


Ap 2 Aq 2 = (mD dif y 


Ap' 2 Aq 2 = (mD qu ) 2 


Ap 2 Aq 2 = (mD qu ) 2 (a 2 + l) 



Thus we obtain two limiting cases (T — > and high T) and also the 
structure of the general expression for the right-hand side of SUR for the 
oscillator in CCS. The problem is to find such an expression for the parameter 
a which would correspond to the quantum oscillator in the state of thermal 
equilibrium at any values of T . 

In order to solve this problem we use the fluctuation - dissipation theo- 
rem (FDT) following from most basic principles of quantum and statistical 
physics [12]. Applying this theorem to the coordinate fluctuations we obtain 
for it's dispersion the following expression: 

oo 

Aq 2 = — [ a"(u) ( -coth-^- ) dco. (22) 
H 2vr J K J \2 2k B T J v ' 

— oo 
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Let us emphasize that the function coth 2j ^ T entering Eq. (22) does not 
only belong to any specific oscillator but is a universal function for any 
systems and, moreover, for fluctuations of any physical quantities in these 
systems. All the specific information about the concrete system is contained 
in the imaginary part of the generalized susceptibility a (oj). 

Let us define the generalized diffusion coefficient as follows: 

D, 



D gen = D qu coth = , / D 2 erm + D\ u . (23) 



Ddif 

This quantity characterizises the diffusion flow due to the non-uniformity in 
the coordinate distribution, which arises on account of the quantum as well 
as the thermal effects. Here 

Dterm = D~~ (24) 

Sinh yr^- 

is the thermal part of the generalized coefficient D gen , depending both upon 
h and ks , while at T — > the coefficient D term — > , whereas at high T the 
coefficient D term — > D di f has the form (7). On account of the definition (23) 
FDT for the fluctuation of the coordinate may be presented in the form 

oo 

Aq 2 = ^- J a" (uj)mD gen (uj)duj (25) 

— oo 

which emphasizes the rigid connection between the characteristic of fluctu- 
ation Aq 2 and the generalized diffusion coefficient D gen . For the oscillator 
with weak damping 

a" = -^rMuj -UJ e ff) = — 5(uj -UJeff) (26) 
|7| muj 



where ou e ff = ^/cUq + 1/r 2 rs uj , so as Ag 2 = D gen /uj what obviously 
generalizes Eqs. (2) and (9). Note that in reverse limit 1/r ^> u from Eqs. 
(25) and (26) follows the well known Einstein relation for the free Brownian 
particle 

The problem of quantum oscillator in the framework of statistical me- 
chanics was firstly solved by Bloch [18]; later on the original solutions of this 
problem were also found by Landau and Lifshitz [12], Leontovich [19] and 
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Feynman [20]. In sake of simplicity let us use the Wigner function obtained 
on he grounds of the Gibbs' density operator: 

e W {-H/k B T} 

PG = 7 ^ (27) 

Sp (exp{-H/k B T}) 

^ 2 2 

with the operator H = + mu) ® q for the case of oscillator 
where 

Aq 2 = Dgen. Ap 2 = (2Q) 
Ll>q 

Note that the expression (28) reminds in form the Maxwell - Boltzmann 
distribution with the substitution of Djif for D gen in Eq. (29). In analogy 
with the Eq. (1) from the Eq. (28) it follows that 

p(,) = 7S3? exp l^} ; " w = 7^ exp {"^}' (30) 

As is well known, the limiting expressions for these quantities at T — > or 
T ^> go over accordingly into the probability densities of oscillator's ground 
state in q- or p- representations, or in the Boltzmann /b(?) or Maxwell /m(p) 
distribution functions. 

It is easily seen that due to the multiplicativity of the Wigner function 
in this case one has a qp = . That's why at the arbitrary temperature in the 
framework of quantum statistical mechanics SUR for the oscillator obtains 
the form 

2 „ h 2 



Ap Aq = (mD gen y > [ \Rgp\ J = (f qp = — . (31) 

The equality sign is only achieved here at T = ; in the case of T ^ 
just as in classical statistical mechanics SUR (31) has the form of the strong 
inequality 

ApAq > ?. (32) 
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This means that for the oscillator in the thermostat the single distinction 
in the descriptions in the frameworks both of the quantum and the classical 
statistical mechanics is connected with the account for the hidden mutual de- 
pendence between the conjugated coordinate and momenta. This dependence 
is brought about by the non-commutativity of the operators of correspond- 
ing variables which lead to the presence of the quantum fluctuations Aq 2 
, characterizing the oscillator's ground state. However, the account for the 
mutually depending thermal and quantum fluctuations of the coordinate, 
which take place outside of the ground state, is absent both in quantum and 
classical forms of statistical mechanics. 

The arguments presented above lead to the conclusion, that for the ade- 
quate description of the quantum oscillator in the thermostat the quantum 
statistical mechanics is to a large extent invalid. One should choice another 
variant of the theory, which allows to account simultaneously for quantum 
and thermal effects and uses for this goal the earlier obtained generalized dif- 
fusion coefficient D gen of the form (23) . It seems that arising difficulties are 
the result of the non-consequent account for the influence of the thermostat 
on the oscillator, namely of the infinite degrees of freedom by the thermostat. 

This remark make us arrive to the notion to go over to the description 
of the considered open quantum system in the framework of the quantum 
field theory at finite temperatures (this theory is now rather actively used in 
many applications). 

There exist two most elaborated versions of this theory: 

- - the version, founded on the temperature Green functions and the imagi- 
nary time (Matsubara [21]); 

- - the version, founded on the Thermo Field Dynamics (TFD) with the real 
time (Araki [22], Umezawa [23, 24]). 

The first of these versions was especially popular thus far; however, it is 
not suited for the use of causal Green functions which form the foundation 
of the quantum field theory at T = 0, what prevents the uniform descrip- 
tion of physical phenomena at arbitrary temperatures. Besides this formal 
circumstance the TFD is of interest because it is largely founded on the 
three fundamental ideas of Bogoluybov - namely, his (u, v ^transformation, 
method of quasiaverages and the description of the spontaneous violation of 
symmetry. 

The main physical idea of TFD consists in the following: the placing 
of the system in the thermostat (or, more precisely, bringing them in the 
state of the thermal contact with one another) is effectively equivalent to 



10 



the doubling of the system's degrees of freedom, which in turn leads to the 
removal of the degeneration of the system. The influence of the thermostat 
manifests itself in the fact that instead of one way there arise effectively two 
independent ways of the absorbtion of the external energy by the system. 

These two ways are the following ones: the first is the ordinary appearance 
of the excitation of new quanta of energy, while the second is the disappear- 
ance of the vacancies, which were "induced"in the system's spectrum under 
the influence of the thermostat at T 7^ 0. In this case both annihilation a and 
creation a + operators perform two independent operations (instead of one at 
T = 0), so these operators may be represented by the linear combination of 
another operators = 1,2): 



with I u | 2 — I v | 2 = 1 . This combination is the typical Bogoluybov (u,v)- 
transformation, where 



at ^ T < OO, — 7T ^ (f ^ 7T 

The operators b iy bf characterize the original particles and act in Fock 
space with the vacuum | > . The operators a + and a characterize the 
quasiparticles and act in another Fock space with the vacuum |0)) which is 
temperature dependent and possess the property ajO)) = . The vector |0)) 
is orthogonal to all vectors of the original Fock space and so it doesn't belong 
to this space. In other words, the transformation (33) is the canonical one, 
but in this case it leads to the unitary non-equivalent representation of the 
canonical commutation rules (CCR), because the thermostat is the system 
with infinitely many degrees of freedom. 

The main axiom of TFD comes in fact from the idea of the method of 
quasiaverages: there is suggested that the original ground state |0) is unstable 
relative to the perturbation created by the thermostat. That's why it is 
assumed that the average of the number operator of quasiparticles a + a at 
the temperature T ^ over the original Fock vacuum |0) is equal to the 
average of the number operator of original particles a + a at T = over the 
Gibbs distribution with temperature T^O , i.e. calculated in the framework 
of quantum statistical mechanics: 



a = ubi + vb^', a + = u*bf + v *b£ 



(33) 



u = cosh rexp (i(p); v = sinhrexp(— i<p) 



(34) 



(0|a + a|0) = Sp (a + a p G ) 



(35) 
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where the density operator pa depends upon H = Huj (a + a + 1/2) . 

From the axiom meant above it is not difficult using the Eqs. (33) and (34) 
to obtain the relation between the parameters of Bogoluybov transformation 
and the temperature of the thermostat: 



sinh 2 t 



1 



1 D 1 

= i c oth^-^ 

2 D di f 2 



(36) 



and analogously for cosh 2 r . 

The obtained relation (36) allows to fix ultimately the quantity a , which 
defines the phase of the oscillator wave function in CCS in the presence of 
thermostat. If one puts (p = 7r/4 in the general expressions for Aq 2 and Ap 2 
and then use the Eqs. (36) and (23), one obtains 



Ag 2 = ^cosh2r=^ 
2 uj 



gen t 



Ap 2 = m 2 u D i 



gen) 



(37) 



a = sinh 2r = 



sinh^' QP 

Ddif 



n mD qu 
; a nn = mD qu a = 



sinh^ 



mD 



term- 



(38) 



Ddif 



It follows from these relations that for the oscillator in TFD the SUR 
possess the form of equality 



Ap 2 Aq 2 = a 2 + c 2 = {mD term f + {mD 



' ' ; ' - in,!),,,,,) 2 . 



qu ) 



(39) 



what naturally corresponds to the limiting cases (12) and (20) (at the con- 
dition a — ). 

It can also be shown that Wigner function in this case is equal to the 
following expression: 



W{q,p) = ^exp 



+ 



p" 



2Aq 2 2Ap 2 



coth 



qp 



D dif AqAp s i n h 



D dif 



(40) 



This function is not multiplicative in the arguments q and p what reveals the 
mutual statistical dependence of these arguments, and it is this dependence 
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which leads to the correlator a qp . Exactly the same result may be obtained 
[24] in another way, namely by the direct account for the interrelation be- 
tween the operators bi and b 2 , which arise due to the following fact: the 
quasiparticle vacuum |0)) contains the condensate consisting from the pairs 
of particles. 

Let us formulate some conclusions. 
1. SUR (38) may be presented in the following form: 

. . h , hwo h* , . 

ApA «=2 COth 2^T S T (41 » 

In other words, for the oscillator in the thermostat the role of the effective 
quantum of action plays the quantity H* ^ H , which grows with growing 
temperature. The limiting values of this quantity are H (at T — > ) and 
2k B T/cu (at T > 0). 

2. The phase of the wave function for CCS of the oscillator in the ther- 
mostat depends upon the temperature 

^ = ^ = 4&° = J^STST (42) 

D dif 

At T — > the phase ip — > (cr qp — > ), at T 3> the phase ipdij — > 
g 2 /2Zp ^ (<7gp — > mD di f = k B T/u ). The last relation means that the role 
of the phase of the wave function is preserved also in traditionally classical 
region thus ensuring the existing of the thermal diffusion in the classical 
limit. 

3. In the given case CCS is characterized by the wave function and so this 
state is a pure one; on the other hand, the parameters of this wave function 
and the corresponding correlator a qp depend upon the temperature and thus 
reveal the presence of the thermal noise in this state [24]. The calculation of 
the entropy (defined according to von Neumann) for the oscillator in CCS 
gives S — at any temperature. This contradiction makes very actual the 
question of the more correct definition of the entropy, which should be able 
to account for the thermal noise in CCS. 

4. For the subsequent generalization of thermodynamics it is useful to 
introduce the notion of the generalized temperature [25]. Let us define the 
following temperatures 

Tgen = Tqu COtll T qu = . (43) 
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Evidently, at high temperatures T gen — > T , but at T — > we have 
Tgen — > Tjju 7^ 0, what corresponds to the generalization of the Third Law. 
Note that T qu is the characteristic of those mode of normal vacuum vibrations 
which is in the resonance to the considered oscillator. 

5. It is interesting to compare SUR "coordinate - momentum"with the 
earlier obtained SUR "energy - frequency"and "energy - temperature"for the 
oscillator in CCS in the thermostat, which are expressed by the aid of the 
generalized temperature [26] 

ApAq = ^ = k -^T gen , (44) 



A £A ( J-) = k B . (45) 

\ J gen J 

Note that in Eq. (44) the quantities T gen and T qu relate to the surrounding 
(i.e., the thermostat) and so don't fluctuate. On the contrary, in Eq. (45) all 
quantities relate to the system and so do fluctuate. 

6. The comparison of the descriptions of the oscillator in the thermostat in 
the frameworks of the quantum statistical mechanics and TFD reveals that 
the expressions for p(q) , p{p) , Aq 2 and Ap 2 in these theories coincide com- 
pletely. However, the Wigner function and correlators a qp in these theories 
differ due to the difference of the definitions of the conjugate momentum; it is 
just this difference which leads to qualitatively forms of SUR. Note that this 
difference is preserved also in quasiclassical limit (h — > ), what is important 
for the theory of Brownian motion. Namely, it denotes that the traditional 
opinion about the equivalence of the variants of this theory - i.e., based on 
the Langevin equation (statistical mechanics) and based on the Einstein - 
Fokker - Planck equation (GDT) - needs some corrections. 

7. The analysis carried above has also shown that the further development 
of TFD [23, 24] is the most perspective direction of search for the effective 
generalization of thermodynamics on the quantum systems at ultralow tem- 
peratures, where the role of both quantum and thermal fluctuations becomes 
significant. There is urgent need for the more consistent spreading of the 
seminal ideas of the quantum field theory on various thermal phenomena 
and ideas of the thermodynamics on any quantum open systems. It can be 
hoped that this way may just lead to the complete realization of the concept 
of the physics as a "single whole"science. 
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